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by noise during collection, convection and combination due
to its highly distributed, dynamic and unstructured nature.
Robust analytic tools are therefore essential for big learning.
Data regression is a fundamental problem in modern data
analysis, and regression methods need to be carefully reinvestigated for big data purposes. One well-known measure
of robustness for regression is the finite sample breakdown
point, defined as the minimum proportion of incorrect observations (e.g., outliers) an estimator can handle before giving
an arbitrarily large result [8]. Although least squares (LS) and
least absolute deviation (LAD) perform well for regression,
their breakdown points are both zero, which means that they
do not tolerate outliers. Here, we introduce Cauchy regression
(CR) [9] to big learning. CR assumes the observations are
perturbed by independent but identical Cauchy distribution
noise and learns the parameter based on maximum likelihood
estimation. Since the Cauchy distribution is fat-tailed, CR
is much more robust to outliers and has breakdown points
reaching the maximum possible value (50%) with an appropriate tuning constant [10].
Consider the linear generative model y = hw, xi+ǫ, where
ǫ is the additive noise. CR assumes that ǫ is distributed
independently from a Cauchy distribution centering at zero
with spread σ (the scale parameter). Let ρ be a probability
distribution on Rd × R and Z = (xi , yi )ni=1 ∈ (Rd × R)n
an independent and identically distributed (i.i.d.) sample
with size n. Using maximum likelihood estimation rule, we
can optimize w and σ to solve the following minimization
problem:
2 !

n
X
y i − w T xi
minw,σ F (w, σ, Z) =
ln 1 +
σ
i=1

Abstract— It was recently highlighted in a special issue of
Nature [1] that the value of big data has yet to be effectively exploited for innovation, competition and productivity. To realize
the full potential of big data, big learning algorithms need to be
developed to keep pace with the continuous creation, storage and
sharing of data. Least squares (LS) and least absolute deviation
(LAD) have been successful regression tools used in business,
government and society over the past few decades. However,
these existing technologies are severely limited by noisy data
because their breakdown points are both zero, i.e., they do not
tolerate outliers. By appropriately setting the turning constant
of Cauchy regression (CR), the maximum possible value (50%)
of the breakdown point can be attained. CR therefore has the
capability to learn a robust model from noisy big data. Although
the theoretical analysis of the breakdown point for CR has
been comprehensively investigated, we propose a new approach
by interpreting the optimization of an objective function as
a sample-weighted procedure. We therefore clearly show the
differences of the robustness between LS, LAD and CR. We also
study the statistical performance of CR. This study derives the
generalization error bounds for CR by analyzing the covering
number and Rademacher complexity of the hypothesis class, as
well as showing how the scale parameter affects its performance.
Index Terms— Cauchy regression, robustness, generalization
error bound, covering number, Rademacher complexity.

I. I NTRODUCTION
The explosive growth in sensors and the rapid development
of internet technology have prompted the collection, sharing,
combination and use of massive amounts of data. The era
of big data has arrived, and it represents a new frontier for
innovation and productivity [2]. As a correlate of big data, big
learning - the use, exploration, exploitation and integration of
large amount of data using database systems, data mining,
pattern recognition, statistics, and distributed and parallel
systems in academia and industry (see e.g., [3], [4], [5],
[6], [7]) - has achieved significant successes for business,
government and society.
The sheer volume, velocity, variety and veracity of big data
challenge the more popular machine learning techniques; the
explosion of data obtained through social networks or special
data-collecting channels within organizations and sensor networks are good examples. Big data can easily be corrupted

+k ln σ,

where k is the 
tuning constant. The
loss function of CR is

2 
yi −wT xi
1
ℓ(z, w, σ) = ln 1 +
.
σ

Previous theoretical analyses of CR have focused on
breakdown points. An analysis of statistical performance is
still lacking. In this paper, we first propose an approach to
1 The loss function excludes the term k ln σ/n, because this term will not
contribute to the generalization performance.
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study the robustness of an algorithm from an optimization
view and clearly show the superiority of CR to LS and LAD
regarding to robustness. Then, we derive the generalization
error bounds for CR stemmed from statistical learning theory
[11]. We use the covering number [12] and Rademacher
complexity [13] to measure the complexity of the hypothesis class of CR and obtain dimensionality-dependent and
dimensionality-independent generalization error bounds, respectively. Although the bound obtained by the covering
number is comparable to that obtained by the Rademacher
complexity due to the existence of the scale parameter, these
two bounds are complementary to each other.
The rest of the paper is organized as follows. In Section
II, we compare the robustness between LS, LAD and CR
from an optimization view. In Section III, we derive the
generalization error bounds for CR. We discuss how the scale
parameter affects the generalization performance in Section
IV. Proofs of the generalization error bounds are presented in
Section V. We conclude the paper and give suggestions for
future works in Section VI.

be the objective functions of LS, LAD and CR, respectively.
We then have
′
fLS
(1) =

i=1

δfLAD (1) =

i=1

′
fCR
(1) =

i=1

FCR (w) =

i=1

ln 1 +



2
(yi − wT xi )(−wT xi ). (3)
σ 2 + (yi − wT xi )2

be the contribution of the ith sample to the optimization
procedure. We see that for LS, all c(w, zi ), i = 1, . . . , n
has the same weights 2. However for LAD, the weights are
different, they are
1
, i = 1, . . . , n
|yi − wT xi |
and for CR, the weights are
σ2

2
, i = 1, . . . , n.
+ (yi − wT xi )2

Let
e(w, zi ) = |yi − wT xi |, i = 1, . . . , n
be an error function. By the generative model of regression
and the traditional definition of an outlier, we see that e(w, zi )
represents the noise error added to zi or the very large error
introduced by an outlier zi . Thus, LS, LAD and CR can
be interpreted as sample-weighted procedures and they have
different weighting strategies.
During the optimization procedures, robust algorithms
should give a small weight to a large error training sample
and a large weight to a small error training sample. Comparing the weight functions of LS, LAD and CR, we can
conclude that LAD is more robust than LS and that CR is
more robust than LAD.

yi − w xi

2 !

(2)

c(w, zi ) = (yi − wT xi )(−wT xi )

T

yi − wT xi
σ

1
(yi − wT xi )(−wT xi ),
|yi − wT xi |

Now, we can thoroughly compare the robustness of LS,
LAD and CR by comparing equations (1), (2) and (3). Given
a training sample set, we want to optimize the objective
′
functions of LS, LAD and CR by finding ws such that fLS
(1),
′
δfLAD (1) and fCR (1) equal to zero. Let

and
n
X

n
X
i=1

and
FLAD (w) =

(1)

where δf (x) is the subgradient of f (x). We also define that
0
0 can be any real value in [−1, 1]. And

(yi − wT xi )2

n
X

n
X
i=1

Besides the breakdown point, many other concepts, such
as the influence function [14] and robustness2 [15], are also
extensively studied to measure how an algorithm tolerates to
noise (or outliers). However, most of them are very rough
and they cannot provide a thorough comparison between
LS, LAD and CR. We present a new approach to compare
the robustness between LS, LAD and CR regarding to an
optimization view.
Let F (w) be the objective function of an regression
problem. Let f (t) = F (tw). We can verify that optimizing
the objective function F (w) is equal to finding a w such that
f ′ (1) = 0, where f ′ (t) denotes the derivative of f (t).
Let
n
X

2(yi − wT xi )(−wT xi )

and

II. C OMPARE THE ROBUSTNESS BETWEEN
LS, LAD AND CR

FLS (w) =

n
X

+ k ln σ

2 This robustness measures the property that if a testing sample is “similar”
to a training sample, then the testing error is close to the training error. In the
rest of the paper, the concept of robustness measures how much an algorithm
tolerates to noise (and outliers).
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function ℓ(Z, w, σ) with w ∈ W for Cauchy regression. Then
!d
√
4 dBR(A + BR)
N1 (FW , ξ, 2n) ≤
ξσ 2
!d
√
1
4 dBR(A + BR)
= 2d
.
σ
ξ

III. G ENERALIZATION ERROR BOUNDS
We first provide the stochastic framework for RC, upon
which our results are based.
Definition 1 (Expected risk): The expected risk of Cauchy
regression is defined as
R(w, σ) ,

Z

ℓ(z, w, σ)dρ(z).

Detailed proof is given in Section IV. A dimensionalitydependent generalization error bound can be obtained using
Lemma 1.
Theorem 1: Let Z = (xi , yi )ni=1 be an i.i.d. sample. If
|y| ≤ A, kxk ≤ R and W = {w|kwk ≤ B}, for any n ≥ 8
and δ > 0, with probability at least 1 − δ we have for all w
in W learned by CR that

X

However, the probability density function of ρ may be
unknown. We define the empirical risk as follows to approximate the expected risk.
Definition 2 (Empirical risk): The empirical risk of
Cauchy regression is defined as

|R(w, σ) − Rn (w, σ)|
v 


 √
u
u 32 d ln 4 dBR(A+BR) − ln δ
2
t
Cσ
8
,
≤C
n

n

Rn (w, σ) ,

1X
ℓ(Zi , w, σ),
n i=1

which is a discretization of the expected risk R(w, σ).
A probabilistic bound on the defect R(w, σ) − Rn (w, σ)
is called the generalization error bound.
The approach, which involves computing the complexity
of hypothesis class, is one of the traditional ways to derive
generalization error bounds in statistical learning theory [11].
Fat-shattering dimension [16], covering number [12] and
Rademacher complexity [13] are the most frequently used
complexity measures of the hypothesis class for regression.
Fat-shattering dimension, a generalization of VC dimension, is usually bounded using a covering number [16].
We bound the covering number and Rademacher complexity to derive dimensionality-dependent and dimensionalityindependent generalization error bounds, respectively.
The definition of the covering number is obtained from
[12].
Definition 3 (Covering number): Let B be a metric space
with metric d. Given observation X = (x1 , . . . , xn ), and
vectors f (X) = (f (x1 ), . . . , f (xn )) ∈ B n , the covering
number in p-norm, denoted as Np (F, ξ, X), is the minimum
number m of a collection of vectors v1 , . . . , vm ∈ B n , such
that ∀f ∈ F, ∃vj :
kd(f (X), vj )kp =

"

n
X
i=1

d(f (xi ), vji )p

#1/p

2

2

2

R
).
where C = ln(1 + 2A +2B
σ2
Detailed proof is given in Section IV.
Theorem 1 looks a little complicated. However, we can
2
2 2
R
simplify it by using the fact that ln(1 + 2A +2B
) ≤
σ2
2
2 2
2A +2B R
.
We
therefore
have
2
σ

|R(w, σ) − Rn (w, σ)|
v 
 √


u
u 32 d ln 4 dBR(A+BR) − ln δ
t
2A2 +2B 2 R2
8
.
≤C
n

Forpa given scale parameter σ, its upper bound is of order
O( d ln d/n).
We will analyze the upper bound by comparing it with a
dimensionality-independent upper bound (shown by Theorem
2) in Section III.
Theorem 1 provides a dimensionality-dependent generalization bound. We can derive a dimensionality-independent
bound by bounding the Rademacher complexity of the loss
class. The definition of Rademacher complexity is taken from
[13].
Definition 4 (Rademacher complexity): Given observation
X = (x1 , . . . , xn ), the empirical Rademacher complexity of
a function class F is

≤ n1/p ξ,

n

Rn (F ) = Eg sup
f ∈F

where vji is the i-th component of vector vj . We also define
Np (F, ξ, n) = supX Np (F, ξ, X).
We bound the covering number of the loss class induced
by the loss function for CR.
Lemma 1: Let |y| ≤ A, kxk ≤ R and W = {w|kwk ≤
B}. Let FW be the loss function class induced by the loss

2X
gi f (xi ),
n i=1

where gi , . . . , gn are independent Rademacher variables,
which are uniformly distributed on {−1, 1}. The Rademacher
complexity of the function class is
R(F ) = EX Rn (F ).
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R(FW ) ≤

Upper bound of Theorem 2 / upper bound of Theorem 1

Lemma 2: Let |y| ≤ A, kxk ≤ R and W = {w|kwk ≤
B}. Let FW be the loss function class induced by the loss
function ℓ(Z, w, σ) with w ∈ W for Cauchy regression. Then
(4A + 4BR)BR
√ 2
.
nσ

Detailed proof is given in Section IV. The following
dimensionality-independent bound is derived through Lemma
2.
Theorem 2: Let Z = (xi , yi )ni=1 be an i.i.d. sample. If
|y| ≤ A, kxk ≤ R and kwk ≤ B, for any δ > 0, with
probability at least 1 − δ we have for all w in W learned by
CR that
(4A + 4BR)BR
√
|R(w, σ) − Rn (w, σ)| ≤
σ2 n
r
C ln 1/δ
,
+
2n
where C is the same as in Theorem 1.
Detailed proof is given in Section IV.
Although
the upper bound of Theorem 2 is of order
p
O( 1/n), it depends much on the value of A, B and R.
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T HEOREM 1 IS EQUAL TO THAT OF T HEOREM 2

Pn

i=1

AROUND

σ 2 = 0.005.

Xi . Then for any ǫ > 0, the following inequalities

hold:

IV. T HE SCALE PARAMETER

The scale parameter σ is an important parameter for CR.
Figure 1 shows that the upper bounds of Theorems 1 and
2 are comparable because of different orders of the scale
parameter σ. Although the bound obtained by the covering
number is comparable to that obtained by the Rademacher
complexity due to the existence of the scale parameter, these
two bounds are complementary to each other.
For a small σ, Theorem 2 needs a large number of
training samples to guarantee a satisfactory generalization
error bound. We know that the function f (σ 2 ) = ln(1 +
1/σ 2 ) decreases faster than the function f (σ 2 ) = 1/σ 2 as
σ 2 decreases, which implies when σ 2 decreases, the upper
bounds of R(w, σ) and Rn (w, σ) decrease faster than that
of the upper bound of Theorem 2. Therefore, to achieve
satisfactory upper bound (when σ is small) for Theorem 2,
the sample size n should be large. Fortunately, big learning
has plenty of samples, which enable the successful use of
CR for its applications.

Pr{Sn − ESn ≥ ǫ} ≤ exp



Pr{ESn − Sn ≥ ǫ} ≤ exp



−2ǫ2
2
i=1 (bi − ai )



,

−2ǫ2
Pn
2
i=1 (bi − ai )



.

Pn

Theorem 4: Let X = (x1 , . . . , xn ) be a sample set of
independent random variables and X i a new sample set
with the i-th sample in X being replaced by an independent
random variable x′i . If there exists c1 , . . . , cn > 0 such that
f : X n → R satisfies the following conditions:
|f (X) − f (X i )| ≤ ci , ∀i ∈ {1, . . . , n}.

Then for any X ∈ X n and ǫ > 0, the following inequalities
hold:


−2ǫ2
,
Pr{f (X) − Ef (X) ≥ ǫ} ≤ exp Pn
2
i=1 (ci )
Pr{Ef (X) − f (X) ≥ ǫ} ≤ exp

V. P ROOF
In this section, we give the detailed proofs for the results
in Section II.



−2ǫ2
Pn
2
i=1 (ci )



.

The Glivenko-Cantelli theorem [19] is often used to analyze the non-asymptotic uniform convergence of the empirical risk to the expected risk. A relatively small complexity
of the loss class is essential to prove a Glivenko-Cantelli
class. Rademacher complexity and covering numbers are
the most frequently used complexity measures when using
concentration inequalities for deriving generalization error
bounds.
The following lemma will be used throughout the proofs.

A. Auxiliary Results
The following two concentration inequalities, well-known
as the Hoeffding’s inequality [17] and MicDiarmid’s inequality [18], are widely used for deriving generalization error
bounds.
Theorem 3: Let X1 , . . . , Xn be independent random variables with the range [ai , bi ] for i = 1, . . . , n. Let Sn =
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Lemma 3: Let f (x) = ln(1 + x), we can easily verify that
f is Lipschitz continuous with Lipschitz constant L = 1 on
[0, ∞).

that
kd(fw (Z, w, σ), fw′ (Z, w′ , σ))k1
" 2n
#
X
=
d(fw (Zi ), fw′ (Zi ))

B. Proof of Lemma 1 and Theorem 1

i=1

The following well-known theorem [19] obtained using
MicDiarmid’s inequality and the covering number plays a
central role in proving Theorem 1.
Theorem 5: Let X12n = {x1 , . . . , x2n } be an i.i.d. sample.
For
R a function class F with
Pnthe range [a, b], let Ef =
f (x)dρ(x) and Em f = n1 i=1 f (xi ). For any ξ > 0 and
2
any n ≥ 8(b−a)
, we have
ξ2
P

(

sup |Ef − En f | ≥ ξ

f ∈F

≤ 2nξ ′ .
Thus,
′

N1 (FW , ξ , 2n)

4B
ξ

d

!d
√
4 dBR(1 + BR)
.
ξ′ σ2

=

)

≤ 8EN1 (F, ξ/8, X12n ) exp −

≤ |S| ≤




Now, we are ready to proof Theorem 1.
Proof of Theorem 1. According to Theorem 5, let
!d
√
4 dBR(A + BR)
nξ 2
8
exp
−
= δ,
ξσ 2
32C 2

nξ 2
.
32(b − a)2

We are going to bound the covering number of the loss
class induced by the loss function.
Proof of Lemma 1. We will bound the covering number of
the loss function class FW by bounding the covering number
of the parameter class W . Cutting the subspace [−B, B]d ⊂
Rd into small d-dimensional regular solids with width ξ, there
are a total of

d 
d 
d
2B
2B
4B
≤
+1 ≤
ξ
ξ
ξ

2

2

2

R
) (the upper bound of CR loss
where C = ln(1 + 2A +2B
σ2
function).
We have
v 
 √


u
u 32 d ln 4 dBR(A+BR) − ln δ
t
ξσ 2
8
.
ξ=C
n

We know that the upper bound of the generalization error
makes sense only when ξ < C. Setting ξ on the left hand
side equal to C, when ξ ≤ C we have
v 
 √


u
u 32 d ln 4 dBR(A+BR) − ln δ
t
Cσ 2
8
ξ≤C=C
.
n

such regular solids. If we pick out the centers of these regular
solids and use them to make up w, there are
d 
d

4B
2B
≤
ξ
ξ
choices, denoted by S. |S| is the upper bound of the ξ-cover
of the parameter class W .
′
We will prove that for every w, there
√ exists a w ∈ W
dξR(A+BR)
′
′
.
such that |fw − fw′ | ≤ ξ , where ξ =
σ2

Thus, with probability at least 1 − δ, we have

|R(w, σ) − Rn (w, σ)|
v 


 √
u
u 32 d ln 4 dBR(A+BR) − ln δ
2
t
Cσ
8
,
≤C
n

|fw − fw′ |
= |ℓ(x, w, σ) − ℓ(x, w′ , σ))| (Using Lemma 3)
1
≤ 2 |(y − wT x)2 − (y − w′T x)2 |
σ
1
1
≤ 2 |2y hw − w′ , xi | + 2 | hw + w′ , xi hw − w′ , xi |
σ
σ
1√
1√
≤ 2 dξAR + 2 dBξR2
σ
σ
√
dξR(A + BR)
=
= ξ′.
σ2

which concludes the proof of Theorem 1.



C. Proof of Lemma 2 and Theorem 2
The Rademacher complexity is useful to prove
dimensionality-independent generalization error bounds.
Thus, it can be used to derive generalization error bounds
for kernel methods and has been widely used in the literature.
The following theorem is proved using Hoeffding’s inequality
and Rademacehr complexity plays a central role in proving
Theorem 2.

Let the metric d be the absolute difference metric. According to Definition 3, for ∀fw ∈ FW , there is a w′ ∈ W such
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Theorem 6: Let F be a family of functions with the range
[a, b]. Then, for any δ > 0, with probability at least 1 − δ,
each of the following holds for all f ∈ F :
r
log 1/δ
|Ef − En f | ≤ R(F ) + (b − a)
2n
and
r
log 2/δ
|Ef − En f | ≤ Rn (F ) + 3(b − a)
.
2n

since it is tolerant to outliers. Although CR may require a
large number of training examples to guarantee a satisfactory
generalization error bound, big data with its characteristic of
providing a sheer volume of data answers precisely to CR’s
need and thus provides a broad stage to fully exert CR’s
potential.
In our future work we will comprehensively investigate
CR’s performance on real-world big data problems by applying CR’s loss to various big learning tasks including label
propagation, multi-class classification, multi-label learning,
semi-supervised learning, transfer and multi-task learning.

The following property of Rademacher complexity [13] is
very useful to upper bound Rademacher complexity.
Lemma 4: If φ : R → R is Lipschitz with constant L and
satisfies φ(0) = 0, then
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Rn (φ ◦ F ) ≤ 2LRn (F ).
We first give the proof of Lemma 2.
Proof of Lemma 2. We have
n

R(FW ) = E sup

w∈W

2X
gi ℓ(Zi , w, σ)
n i=1

(Using Lemmas 3 and 4)

2
n
y i − w T xi
2X
gi
≤ E sup
σ
w∈W n i=1

(Using Lemma 4 again)
* n
+
X
g i xi , w

4A + 4BR
≤
E sup
nσ 2
w∈W

i=1
n

X
4A + 4BR
E sup
gi xi kwk
≤
2
nσ
w∈W i=1
v
u n
X
(4A + 4BR)B u
t
≤
E(gi xi )2
2
nσ
i=1
≤

(4A + 4BR)BR
√ 2
.
nσ


Theorem 2 can be easily proved by combining Theorem 6
and Lemma 2.
VI. C ONCLUSION AND FUTURE WORK
First, we proposed a new approach by interpreting the
optimization of an objective function as a sample-weighted
procedure, through which we thoroughly compared the robustness of different algorithms and proved that LAD is
more robust than LS and that CR is more robust than LAD.
Then, we explored the generalization error bounds for CR. By
bounding the covering number and Rademacher complexity
we derived comparable but complementary dimensionalitydependent and dimensionality-independent generalization error bounds, respectively. CR is suitable for robust analysis
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